We furnish a supersymmetric extension of the Standard Model with a flavour discrete symmetry A 5 under which the lepton fields transform as an irreducible triplet. Additional ('flavon') superfields are used to break A 5 into a Z 2 × Z 2 subgroup in the charged-lepton sector and another Z 2 subgroup in the neutrino sector. The first column of the resulting lepton mixing matrix is predicted and has entries which are related to the golden ratio. Using the observed θ 13 as input, our model predicts a solar mixing angle θ 12 in very good agreement with experiment; it also predicts a correlation between the atmospheric mixing angle θ 23 and the CP -violating Dirac phase δ. *
Introduction
The experimental measurement of the mixing angle θ 13 [1, 2, 3, 4] has been of great importance in advancing our understanding of lepton mixing. It has ruled out (at least at leading order) many mixing schemes which have θ 13 = 0; two of them are the golden ratio 1 schemes GR1 [5, 6, 7, 8, 9] and GR2 [10, 11] (see also refs. [12, 13, 14] ). Those two schemes make predictions for the solar mixing angle θ 12 ; in GR1 cot θ 12 = ϕ and in GR2 cos θ 12 = ϕ/2. However, both those schemes also predict θ 13 = 0-hence a spurious CPviolating phase δ-and maximal atmospheric mixing angle θ 23 ; the first of these additional predictions is now excluded by the experimental observation of a nonzero θ 13 [1, 2, 3, 4] .
GR1 and GR2 were often implemented in models by using either the discrete group A 5 or its double cover [15, 16, 17] . In this paper we propose a model based on A 5 which leads to an alternative golden ratio mixing scheme which is in full agreement with the experimental data. In our scheme, just as in GR2, cos θ 12 = ϕ/2 if θ 13 vanishes; but, in our scheme θ 13 is not necessarily zero, since our model only predicts the first column of the lepton mixing matrix. Our model has the additional feature that it is not just one matrix element of the lepton mixing matrix U which is related to the golden ratioour model predicts both |U e1 | = ϕ/2 and |U µ1 | = 1 /(2ϕ) .
2 In contrast to GR1 and GR2, and akin to trimaximal mixing [18] and other schemes which only fix one column of U (see for instance refs. [19, 20] and the references therein), our model does not fix (at leading order) all three mixing angles, but instead just predicts two relations among them.
Like many other previous models for lepton mixing, ours is based on the paradigm of a flavour symmetry group G-in our case, A 5 -which is broken to an Abelian subgroup F ℓ in the charged-lepton sector and to another Abelian subgroup F ν in the neutrino sector. Various possibilities for G and for its subgroups F ℓ and F ν have been searched systematically before [21, 22, 23] (see also [24] ). However, to the best of our knowledge all those searches restricted F ℓ to be a n group with n ≥ 3. Additionally, some works [25, 26, 27] have considered the possibility that both F ℓ and F ν are (distinct) 2 × 2 subgroups of G. Of particular relevance for us is ref. [25] , where G = A 5 has been considered; in that work a mixing scheme has been suggested in which θ 13 has a specific non-zero value related to the golden ratio but larger than the phenomenological value. In the present paper, F ℓ is 2 × 2 and F ν is 1 The golden ratio is the number ϕ ≡ 1 + √ 5 2 ≈ 1.618. For its importance in mathematics and the arts, see for instance http://en.wikipedia.org/wiki/Golden-ratio. 2 An alternative version of our model has U τ 1 = 1 /(2ϕ) instead. The two versions are related by the approximate µ-τ interchange symmetry which seems to hold in U .
2 ; this possibility has never been considered before and for this reason our model apparently evaded all the searches previously made.
The outline of this paper is as follows. In section 2 we present our model. In section 3 we fit the predictions of our model to the phenomenological data. A summary is presented in section 4. An appendix is devoted to some facts on the group A 5 .
The model
The group A 5 is the alternating group of the even permutations of five objects. It has 5!/2 = 60 elements and it is isomorphic to the symmetry group of the platonic solids icosahedron and dodecahedron; we also call it the icosahedral group (IG).
There are various possible presentations of the IG. In this paper we use a presentation [28, 29] wherein A 5 is the group generated by three transformations a, b, and c which satisfy
where e is the identity transformation. The IG has five Z 2 × Z 2 subgroups. 3 One of them is constituted by e, a, bab 2 , and b 2 ab. The IG also has fifteen Z 2 subgroups; one of them is formed by e and c. Those are the subgroups of the IG that are crucial in this paper.
The IG has five inequivalent irreducible representations (irreps): the 1 (trivial representation), the 3 1 , the 3 2 , the 4, and the 5, where the boldface numbers are the dimensions of the irreps. These are all real representations. In this paper we shall only use the 1, the 3 1 , and the 5; they are given, in convenient bases, in appendix A.
Let D Lj (j = 1, 2, 3) be the superfields containing the gauge-SU(2) doublets of left-handed leptons. We place the three D Lj in a 3 1 of A 5 ; let D L denote it. Similarly, the right-handed charged leptons, which are singlets of the gauge SU (2) , are placed in a 3 1 of A 5 ; let ℓ R denote it. Our supersymmetric model 4 has an R-symmetry under which both D L and ℓ R have R-charge +1; allowed superpotential terms must have R-charge +2.
The neutrino masses originate from a type-II seesaw mechanism, triggered by a gauge-SU(2) triplet T which is invariant under A 5 . In order to achieve A 5 -invariance, we introduce flavon superfields S and P which are gauge-invariant and transform as a 1 and a 5, respectively, of A 5 . Both the flavons and T have zero R-charge. The term of the (non-renormalizable) superpotential relevant for the neutrino masses then is
where z S,P are numerical coefficients and Λ is the high energy (cutoff) scale which suppresses all the non-renormalizable terms. 5 We note that the product of the two D L in eq. (2) is symmetric, therefore, because of eq. (A4), it can only contain the representations 1 and 5 of A 5 .
Analogously, the charged-lepton masses originate in the superpotential term
where H is an A 5 -invariant SU(2) doublet whileS andP are a 1 and a 5 of A 5 , respectively, which are invariant under the gauge group. 6 Thez S,P are numerical coefficients.
Neutrino mass matrix
Let s denote the vacuum expectation value (VEV) of S and (p 1 , p 2 , p 3 , p 4 , p 5 ) denote the VEV of P . Then the neutrino Majorana mass matrix following from eq. (2) is, according to eq. (A5), given by
where
These numbers satisfy
Obviously, µ − = −ϕ and µ + = 1/ϕ. We assume that the VEV of P preserves the Z 2 subgroup of A 5 generated by c. According to eq. (A3), this means that
It follows from eqs. (4)- (7) that
This means that v is a (normalized) eigenvector of M ν . This is a consequence of the fact that, because the VEV of P preserves c,
where C 3 is the matrix that represents c in the representation 3 1 of A 5 . Now, C 3 has a non-degenerate eigenvalue +1 and v is the eigenvector corresponding to that eigenvalue; therefore, v must also be an eigenvector of M ν :
The neutrino masses are free in our model, i.e. the model does not purport to either predict or constrain them. Their overall scale is fixed by z S s and the differences among them depend on z P x, z P y, and z P z. These four parameters are all free.
Charged-lepton mass matrix
Lets denote the VEV ofS and (p 1 ,p 2 ,p 3 ,p 4 ,p 5 ) denote the VEV ofP . Then, the charged-lepton mass matrix M ℓ has exactly the same form as the neutrino mass matrix in eqs. (4):
We assume that the VEV ofP is invariant under the Z 2 × Z 2 subgroup of A 5 generated by b 2 ab and bab 2 . Since in the 5 of A 5
this means thatp 1 =p 2 =p 3 = 0. The charged-lepton mass matrix is then diagonal and one possible assignment of the charged-lepton masses is m e = z ss −z
Driving fields
In order to align the VEV of P along the directions in eq. (7), we introduce a 'driving' superfield ∆, which is a 5 of A 5 and has R-charge +2. The relevant (renormalizable) interaction terms are then
where we have taken into account that there are two independent 5 in the product of two 5 of A 5 , see eq. (A6). We use for those two 5 the convention explicit in eqs. (A7) and thereby identify two separate coefficients a 2 and a 3 in eq. (15) . The minimization of the terms in eq. (15) implies
Equations (16) are (partially) solved in a self-consistent way, which means that one assumes a form for the VEV of P and checks that that form is compatible with eqs. (16) . In practice, this just implies that the assumed form of the VEV of P should preserve some subgroup of A 5 ; in our case that subgroup is the one formed by e and c. Thus, inserting eq. (7) into eqs. (16), one obtains
Thus, eq. (7) constitutes a solution to eqs. (16) provided x, y, and z satisfy eqs. (17) . In practice, given a 1,2,3 and s, one may in principle solve eqs. (16) to determine (nonzero) x, y, and z.
In an analogous fashion, in order to align the VEV ofP we use a driving superfield∆ which is a 5 of A 5 . The relevant interaction terms arē
just as in eq. (15) . The corresponding minimization equations are analogous to eqs. (16) . However, now we make the self-consistent assumptionp 1 = p 2 =p 3 = 0, and this renders identically zero the equations corresponding to eqs. (16a)-(16c); the only remaining equations are the ones analogous to eqs. (16d) and (16e):
These two equations in principle determinep 4 andp 5 as functions ofs and of the coefficientsā 1 ,ā 2 , andā 3 . There is sufficient freedom to fit the lepton masses to their experimental values. 
Additional symmetries
An additional symmetry is needed that separates the flavons and driving fields responsible for the neutrino mass terms from the ones responsible for the charged-lepton mass terms. We choose for this effect a 3 × 3 symmetry. Table 1 Note that, as the superfields H and T are invariant under the additional symmetries, the model may be embedded in a full supersymmetric type II seesaw construction. This requires two gauge-SU(2) doublets and two triplets [32, 33] . Here we show only H and T for simplicity.
Predictions for the mixing angles
It is clear at this stage that the solutions that we assumed for the VEVs are not unique. Indeed, we have assumed, in the neutrino and chargedlepton sectors, different self-consistent solutions for entirely analogous sets of alignment equations. Nonetheless, the set of VEV directions that solve those alignment constraints is discrete and, thus, it is reasonable to assume our desired alignments as the outcome. This assumption is justified by the phenomenological consequences of our selected VEVs of P andP , which we describe in this section.
We have found that, with our choice of VEVs, the charged-lepton mass matrix is diagonal while the neutrino mass matrix has one eigenvector proportional to (µ − , µ + , 1)
T . This eigenvector is therefore one of the columns of the lepton mixing matrix (20) where c i ≡ cos θ i and s i ≡ sin θ i for i = 12, 13, 23 and P is a diagonal unitary matrix containing the so-called Majorana phases. We now choose to identify this column as being the first one and, moreover, we take the charged leptons 
We obtain from eq. (21a) that
We use the phenomenological data of ref. [34] (see refs. [35, 36] for alternative phenomenological fits to the data). Using as input the 3σ range given therein for s We are able to express cos δ in terms of s 
This is illustrated in fig. 2 , wherein cos δ varies from about −0.33 to −1. In , then this implementation of our model will be ruled out.
We may alternatively choose the option where the eigenvalues of M ℓ that correspond to the masses of the µ and the τ charged leptons are interchanged. This means swapping m µ and m τ in eqs. (14); of course this requires a different set of parameters to fit the charged-lepton masses. In this case, we must swap the second and third rows of the lepton mixing matrix, so that 
instead of eq. (21b). In this case the prediction for δ will be 
This is shown in fig. 3 . One sees that in this case cos δ is positive and lies between ∼ 0.47 and 1, while θ 23 is usually in the first octant, with s 
Conclusions
We have considered in this paper a lepton mixing scheme arising from an A 5 flavour symmetry. In our model, the VEVs of the required A 5 multiplets are aligned in a self-consistent fashion and the neutrino and charged-lepton sectors are separated through an auxiliary 3 × 3 symmetry.
The model predicts two relations among the parameters of the lepton mixing matrix. Using the observed θ 13 as input, the solar mixing angle is predicted in good agreement with experiment. Depending on the assignment of the lepton flavours, the model either predicts s 
A The group A 5
In suitable bases, the 3 1 and the 5 are given as
Since c 2 = e, c has eigenvalues +1 and −1. Because tr C 3 = −1, C 3 has a twice degenerate eigenvalue −1 and a non-degenerate eigenvalue +1; the normalized eigenvector corresponding to the latter is the vector v in eq. (9) . Because tr C 5 = 1, C 5 has a twice degenerate eigenvalue −1 and a thrice degenerate eigenvalue +1; three orthonormal eigenvectors spanning the subspace corresponding to the latter eigenvalue are 
The product 3 1 ⊗ 3 1 may be decomposed as 
